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Based on the first-principles calculations, we reveal that TlN, a simple binary compound with
Wurtzite structure, is a three-dimensional (3D) topological insulator (TI) with effectively negative
spin-orbit coupling λeff < 0, which makes it distinguished from other TIs by showing opposite
spin-momentum locking effect in its surface states. The sign of λeff depends on the hybridization
between N-2p and Tl-5d states, and can be tuned from negative to postive by lattice strain or
chemical substitution, which drive the system into a Dirac semimetal with 3D Dirac cones in its
bulk states. Such topological phase transition can be realized by electronic mechanism without
breaking any crystal symmetry.
PACS numbers: 71.20.-b, 73.20.-r, 31.15.A-
Introduction. The spin-orbit coupling (SOC) plays im-
portant roles in generating topologically non-trivial band
structure. [1–5] For examples, in graphene [6] (or other
similar materials like silicene [7]), the SOC opens a gap
and makes it a 2D TI, while in Bi2Se3 family [8] 3D TIs,
both the band inversion and gap opening are caused by
strong SOC. For the design and optimization of topo-
logical electronic materials, it is therefore highly desir-
able to have tunable SOC. From the viewpoint of atomic
physics, this goal is hardly achieved, because the strength
of SOC for each atomic orbital is almost predetermined
by the type of atoms (namely the atomic number). In a
solid state compound, however, we are interested in the
effective SOC of certain Bloch states, which in general
compose of multiple atomic orbitals with different SOC.
This complication, on the other hand, gives us a chance
to tune the SOC effectively. Not only the strength but
also the sign of SOC can be effectively tuned through the
proper manipulating of the orbital characters for low en-
ergy Bloch states, which generates interesting topological
phase transition as we will addressed in the paper.
It has been indicated in literatures that several rare
compounds [9–11] may have effectively negative SOC.
For example, in HgS, it was suggested that the SOC
splitting for the p-orbitals around the valence band top
(i.e, the Γ point) is opposite to that of the usual semi-
conductors with Zinc-blende structure. In other words,
the j=1/2 doublet states is energetically higher than the
j=3/2 quartet states in HgS, resulting in a TI state rather
than the zero-gap semimetal state in HgSe and HgTe.
This proposal is interesting, unfortuanately, the existence
of band inversion in HgS is challenged by the recent GW
calculations [12] and is not confirmed experimentally [13].
In this paper, we will demonstrate that Wurtzite TlN [14]
is a promising TI with “negative” SOC. What makes it
unique from other TIs is its opposite spin-momentum
locking effect, which can be readily observed experimen-
tally. Furthermore, the sign of effective SOC in TlN can
be reversed by suitable lattice strain without breaking
any crystal symmetry, which leads a topological phase
transition from a TI to a Dirac semimetal with 3D Dirac
cones in its bulk. [15–17] All of these make TlN a valuable
playground for quantum manipulation.
Mechanism for “negative” SOC. In Zinc-blende III-
V or II-VI semiconductors, such as GaAs or CdTe, the
conduction band minimum at Γ labeled as Γ6 is mostly
from cation s-orbital, while the valence band maximum is
mostly from anion p-orbitals, which split into Γ8 (j =
3
2 )
and Γ7 (j =
1
2 ) manifolds in the presence of SOC. The
band gap Eg is defined as the energy difference between
Γ6 and Γ8 states, Eg = EΓ6 −EΓ8 , and similarly, the ef-
fective SOC is defined as λeff = EΓ8−EΓ7 . Both Eg and
λeff are positive for GaAs and CdTe, while it is known
that Eg is negative in HgTe (i.e, the s-like band is lower
than the p-like bands) leading to a topologically non-
trivial state. Unfortunately, this is a zero gap semimetal
state (rather than a true insulator) due to the four fold
degeneracy of Γ8 protected by the cubic symmetry of the
lattice. On the other hand, if both Eg and λeff are neg-
ative as suggested for HgS, the Γ7 states, which are only
two-fold degenerated, will be higher than the Γ8 states,
and the band inversion between the Γ6 and Γ7 states will
lead to a TI. Simultaneous requirements of both Eg < 0
and λeff < 0 therefore make the possible material real-
ization difficult.
To get λeff < 0, a mechanism is illustrated as the
following, by takeing the Wurtzite ZnO as a exam-
ple. [18, 19] ZnO is a normal semiconductor with Eg >
0, however, its valence band top shows negative SOC
(λeff < 0), mostly due to the presence of shallow core
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23d states of Zn. In ZnO, the Zn atoms are under ap-
proximately tetrahedra crystal field of O, which leads to
sizable t2g and eg splitting of the Zn-3d orbitals (with the
t2g states energetically higher than the eg states). We ig-
nore the eg states, and concentrated on the t2g manifold,
which mainly consists of three atomic orbitals, dxy, dyz
and dzx orbitals. Considering the SOC effect among the
three t2g orbitals (i.e, projection of SOC matrix into the
subspace spanned by these three orbitals), it is interesting
to note that the SOC is effectively negative. [20] As the
results, the t2g states will further split into a jeff=1/2
doublet and a jeff=3/2 quartet states with the former
energetically higher. This is in opposite to the SOC split-
ting among the p orbitals. If the t2g are shallow enough,
they will hybridize with the O-2p states significantly, and
the valence band top should be composed of both 2p and
3d characters. Since the SOC among the O-2p and Zn-t2g
atomic orbitals have opposite sign, the final effective SOC
of the valence band top therefore must be determined by
its relative composition, and can be tuned by controlling
the p−d hybridization in the system. For ZnO, in partic-
ular, the positive SOC splitting among O-2p orbitals are
relatively smaller, the large 3d components of the valence
band top leads to the effectively negative SOC (Fig.1).
Crystal structure and Methods. TlN was synthe-
sized in 1974 and it has Wurtzite structure [14] (as
shown in Fig.2(a)) with experimental lattice parameters
a=3.68 A˚ and c=6.01 A˚. The Wyckoff position of N is
(1/3, 2/3, 0) and that of Tl is (1/3, 2/3, 0.381). Wurtzite
structure has the · · ·AB-AB-AB· · · stacking sequence
along (0001) direction, and each primitive unit cell con-
tains two formula units. Both Tl and N are tetrahedrally
coordinated with slightly hexagonal distortion. Our first-
principles calculations has been performed by using the
WIEN2K package [21] with the full potential linearized
augmented plane wave method (FLAPW). The general-
ized gradient approximation (GGA) is used for the ex-
change correlation potential. Brillouin zone (BZ) inte-
gration with a mesh of 13×13×7 sampling is used. The
muffin-tin radii (RMT ) are chosen as 2.11 bohr both for
Tl and N. The maximum size of the plane wave vector
(Kmax) is determined by KmaxRMT = 7.0. For the later
analysis, we construct the maximally localized Wannier
functions (MLWF) [22] for Tl s and N p orbitals, which
reproduce the low energy bands nicely. The MLWF was
then used for the effective Hamiltonian of both bulk and
semi-infinite surface.
Electronic structure. The band structures of TlN are
calculated without and with SOC included, respectively,
as shown in Fig.2 (c) and (d). The bands from -6 to 4 eV
are mostly coming from the N-2p and Tl-6s states. From
the partial density of states (DOS), it is easy to find that
Tl-6s state around the Γ point (Γs7) is lower than N-2p
by about 2.0 eV for both cases of with and without SOC.
This suggests that TlN is a material with band inversion
(i.e., Eg < 0), similar to the case of HgTe. Considering
FIG. 1: (Color online) The energy level diagram of Wurtzite
semiconductor at Γ by taking into account of (I) idea tetrahe-
dral crystal field (CF), (II) atomic spin-orbit coupling (SOC),
(III) p-d hybridization and (IV) hexagonally distorted CF in
real structure. The s orbital of Zn in ZnO is higher than an-
ion p-orbitals, while that of Hg in HgTe and HgS or Tl in TlN
might be lower and result in inverted band structure.
the possible underestimation of band gap by the GGA,
we further check the band inversion by using modified
Becke-Jonhson potential [23] and HSE method [24], re-
spectively, and still find band inversion of about 1.5 eV,
which is very large compared to most known TIs. Thus,
we conclude that the band inversion in TlN is robust and
is not an artifact of GGA type calculation.
The Tl 5d-orbitals are fully occupied and locate mainly
around -10.0 eV below the Fermi level. They are rela-
tively extended with a sizable band width of about 2.5
eV. There are apparently quite much 5d DOS contribu-
tion to the N-2p bands around the Femi level, which in-
dicates remarkable p-d hybridization. This situation is
quite similar to that in ZnO and leads to effective “neg-
ative” SOC for the states around the valence band top.
Due to the reduced symmetry (the slightly hexagonal dis-
tortion), the Γ8 (j=
3
2 ) states should further split into Γ
3
2
9
and Γ
3
2
7 manifolds. Finally, as shown in Fig.2(d), the va-
lence 2p band top in TlN split into three groups: Γ
3
2
9 ,
Γ
3
2
7 and split-off band Γ
1
2
7 . We find that their energies
descend in the order of Γ
1
2
7 , Γ
3
2
9 and Γ
3
2
7 , which sugests
λeff < 0. Thus, TlN satisfies both the conditions of
Eg < 0 and λeff < 0, and should be a 3D topologi-
cal insulator with negative SOC. Our calculations indeed
found that it is a semiconductor with the direct (indirect)
band gap of 36meV (25meV) and 25 meV. Since TlN has
no inversion symmetry, the Wilson loop method is em-
ployed to study the evolution of hybrid one-dimensional
Wannier function center [25, 26], and its Z2 topological
indices are found to be (1;000) (see Supplemental Mate-
rial for details).
3FIG. 2: (Color online) (a) Crystal structures of Wurtzite TlN
and (b) its Brillouin zone (BZ), as well as the projected surface
BZ of (0001) and (0100) surfaces.(c) The band structure and
projected density of states of Wurtzite TlN without SOC. (d)
The band structure with SOC and partially enlarged view
around Γ point.
3D strong TI supports odd number of Dirac-cone-like
surface states, which should have characteristic spin-
momentum locking effect. Almost all of the presently
known TIs have shown left-handed spin-momentum lock-
ing when Fermi level is above the Dirac point. [8, 25,
27, 28] As shown in Fig.3, TlN does have single Dirac-
cone-like surface states around Γ¯ for both (0001) and
(0100) surfaces, while the spin-momentum locking has
right-handed helicity, in opposite to all other known TIs
up to now. It would be very interesting to check this by
spin-resolved ARPES experiments. It is also fundamen-
tally interesting to see what will happen in the interface
formed by two TIs with opposite spin-momentum locking
helicity. [11] Another plausible remarkable thing is when
s-wave superconducting pairing interaction is introduced
to them by proximity effect, [29] the induced topolog-
ical superconducting state will have opposite chirality,
being p+ip for left-handed one and p-ip for right-handed
one. Heterostructure of them might have more fascinat-
FIG. 3: (Color online)The calculated surface states (upper
panels) and corresponding Fermi surfaces and spin textures
(lower panels) of Wurtzite TlN on (0001) (left panels) and
(0100) (right panels) surface, respectively.
ing quantum phenomena.
p-d hybridization. As mentioned above, the p-d hy-
bridization [30] is the origin of “negative” SOC splitting
in p orbitals. To explicitly reveal the underlying physics,
an effective Hamiltonian with the basis of N 2p and Tl 5d-
orbitals is established. Here the Tl-s orbital and the crys-
tal field due to hexagonal distortion are neglected since
they have negligible effect on the effective SOC splitting
in p orbitals. Due to the tetrahedra crystal field, only
t2g orbitals can have the hybridization with p orbitals
and eg part is ignored. For both p and t2g orbitals, their
atomic SOC is firstly considered in their own subspace.
The spin-orbit splitting of t2g is found to be opposite to
that of p states with D 1
2
(j= 12 ) higher than D 32 (j=
3
2 ).
Based on this, we can further include the p-d hybridiza-
tion, parameterized as tpd, to see its influence on the ef-
fective spin-orbit spitting in p orbitals. Only the P and D
basis with the same representation can have nonzero hy-
bridization, i.e., 〈Pj , jz|H|Dj′ , j′z〉 = tpdδj,j′δjz,j′z . Such
a simplified model, in the basis set of |Pj , jz〉 and |Dj , jz〉
(with j = 32 ,
1
2 and jz = −j,−j + 1, · · · , j − 1, j), can be
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FIG. 4: (Color online) (a) Phase diagram of topological insu-
lator and topological 3D Dirac semimetal depending on p-d
hybridization (tpd) and atomic SOC of p orbital (λp). The
band structure with (b) λeff=-36 meV, (c) λeff=0 meV and
(d) λeff = -36 meV.
written in second quantized form,
Hpd =
∑
j,jz
Epjjz cˆ
†
j,jz
cˆj,jz +
∑
j,jz
Edjjz dˆ
†
j,jz
dˆj,jz
+
∑
j,jz
[tpdcˆ
†
j,jz
dˆj,jz + t
∗
pddˆ
†
j,jz
cˆj,jz ]
where cˆj,jz (dˆj,jz ) and cˆ
†
j,jz
(dˆ†j,jz ) are the electron annihi-
lation and creation operators at orbital |Pj , jz〉 (|Dj , jz〉).
The diagonal term of P orbitals Epjjz =
λp
3 if j =
3
2 , and
Epjjz = −
2λp
3 if j =
1
2 . The diagonal term of t2g orbitals
Edjjz = Ed − λd3 if j = 32 , and Edjjz = Ed + 2λd3 if j = 12 .
The parameter λp and λd is the SOC parameters for N
2p and Tl 5d, respectively. Ed is the on-site energy of 5d
orbitals and that of p is taken as zero.
For the Hamiltonian, Tl-5d SOC could be obtained
by FLAPW calculation as λd=2.168 eV, and Ed takes
the value of -10.0 eV, which is approximately the gravity
center of Tl 5d-orbitals in Fig.2 (c) and (d). Depending
on the strength of p-d hybridization tpd and λp, the sys-
tem falls into two different phases, as shown in Fig.4(a).
In the strong p-d hybridization limit, the effective SOC
λeff of anion’s p orbitals is negative and dominated by
the SOC of cation’s 5d orbitals. The p states split into a
jeff=1/2 doublet and a jeff=3/2 quartet states with the
former energetically higher. The band structure opens a
gap in the whole BZ, and the system is a TI. In the strong
λp limit, λeff is dominated by the atomic SOC of p or-
bitals, and it is positive. The jeff=1/2 doublet states
is energetically lower than the jeff=3/2 quartet states,
leading the system in a topological semimetal rather than
a true insulator. Between the two regions, there should
exist a critical line with λeff=0. In other words, tpd and
λp are in balance. For material realization, TlN and HgS
are at TI region, TlAs and HgTe are at TSM region, and
TlP is almost at the borderline.
Topological phase transition by tuning effective SOC.
As SOC plays the critical role in determining the topol-
ogy of bands, tuning its strength and sign can introduce
nontrivial topological phase transition. To show how this
can happen in realistic material TlN, an effective ab initio
tight-binding Hamiltonian base on MLWFs of Tl-6s and
N-2p orbitals has been established. The effective SOC
λeff is then added onto N-2p MLWFs as a tunable pa-
rameter. As shown in Fig.4(b), taking λeff=-36 meV can
reproduce the GGA+SOC calculation very well and TlN
is a TI. When λeff is zero, this reproduces the GGA cal-
culation, the band inversion and the double degeneracy
of px and py orbitals lead to zero gap semimetal state,
as shown in Fig.4(c). When λeff is taken as 36 meV,
it becomes a topological 3D Dirac semimetal with Dirac
point on the path Γ-A. The sign reversal of λeff leads
to the energy order reversal of Γ
3
2
9 and Γ
1
2
7 states. When
Γ
1
2
7 is higher (λeff <0), the inverted Γ
s
7 can have hy-
bridization with it in all direction of BZ and it is TI.
When Γ
3
2
9 is higher (λeff >0), Γ
s
7 bands exactly cross
Γ
3
2
9 at the Dirac point since they belong to ∆7 and ∆9
irreducible representation, respectively, which are distin-
guished by the C3 rotation symmetry along Γ-A. Such
band inversion resulted 3D Dirac semimetal state pro-
tected by crystal symmetry is the similar as those in
Na3Bi and Cd3As2. [16, 17] We have found that when
lattice strain is of a=1.06a0 and c=1.10c0 (a0 and c0
are experimental lattice constants), the band structure
from first-principles calculation is the same as that in
Fig.4(d) and TlN becomes a 3D Dirac semimetal (see
Supplemental Material for details). 3D Dirac semimetal
is a symmetry-protected topological state with a single
pair of 3D Dirac points in the bulk and non-trivial Fermi
arcs on the surfaces. The 3D Dirac point can be de-
scribed as four-component Dirac fermions, which can be
viewed as two copies of distingct Weyl fermions. There-
fore, Weyl semimetal could be realized based on 3D Dirac
semimetal when time-reversal or inversion symmetry was
broken. [16, 17, 31] It can also be driven into TI by sym-
metry breaking, and quantum spin Hall effect in its quan-
tum well structure.
In summary, we have shown that TlN is a 3D TI
with effectively “negative” SOC. The band inversion be-
tween Tl-6s and N-2p orbital is robust and the p-d hy-
bridization between N 2p and Tl 5d determines its effec-
tive SOC. Its surface state has right-handed helical spin-
5momentum locking, which is opposite to other known
TIs. Heterostructure formed by two TIs with opposite
spin-momentum locking helicity might host novel phe-
nomena. The effective SOC can be tuned to be positive
by suitable lattice strain without breaking any crystal
symmetry and drives TlN from TI to 3D Dirac semimetal.
These make TlN quite unique and a good playground for
further study.
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6SUPPLEMENTAL MATERIAL
Z2 Indices by Wilson Loop Method
Band inversion is a necessary condition for the exis-
tence of topological nontrivial states, but it is not suffi-
cient to distinguish a topological insulator (TI), because
topological invariant is a global character of the electronic
structure in the whole Brillouin zone (BZ). The definition
of parity criterion is convenient to identify TIs, but it
can not be used in Wurtzite structure (or Zinc-blend) be-
cause of the lack of inversion symmetry. The Wilson loop
method can be employed to study the evolution of Wan-
nier function center [25, 26]. We calculated the Wannier
center evolution for the six BZ plane of TlN, as shown
in Fig.5, and obtain Z2 indices as (1;000), demonstrating
that TlN is a 3D strong TI.
First-principles Energy Bands with lattice strain of
a=1.06a0 and c=1.10c0.
To tune the effective SOC parameter of TlN, we
can enlarge the lattice constants to reduce the p-d hy-
bridization. From realistic first-principles calculation,
we found that if a=a0 and c ≥1.150c0 (or c=1.10c0 and
1.04a0≤a≤1.06a0) TlN would be in 3D Dirac semimetal
state. The band structure of TlN with a=1.06a0 and
c=1.10c0 is shown in Fig. 6. It is clear that there is a 3D
Dirac point on Γ-A path.
Energy Bands of TlP and TlAs
As TlN is a TI, it is natural to ask how about TlP and
TlAs. We have found that the total energy of Wurtzite
structure is lower than that of Zinc-blende structure for
both of TlP and TlAs with relaxed structure. Band in-
version occurs in both of them, but there is no finite
band gap as shown in Fig.7. The effective SOC for TlP
is nearly zero, because the intrinsic SOC of P-3p orbital
is comparable to the p-d hybridization, which is in good
agreement with model analysis in main text.
Tight-binding Energy Bands by tuning effective SOC
The phase diagram in Fig. 4 in main text is obtained
by using the tight-binding model based on Wannnier
functions with different effective SOC parameters. As
shown in Fig.8, it is a 3D Dirac semimetal when λeff > 0,
otherwise it is a TI.
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FIG. 5: (Color online) The Wannier function center evolution
on BZ planes (a) kx = 0, (b) kx = pi, (c) ky = 0, (d) ky = pi,
(e) kz = 0, and (f) kz = pi. It demonstrates the Z2 indices as
(1;000).
FIG. 6: (Color online) (a) The band structure of strained
TlN with a=1.06a0 and c=1.10c0. (b)Partially enlarged view
of (a).
Kane Model
The 8×8 Kane model can be used to describe the band
structure of TlN. Firstly, a 4×4 model without SOC can
be constructed in the basis set as |S〉, |P+〉, |P−〉, |Pz〉,
where |P±〉 = 1√2 (|Px〉 ± i|Py〉). The Hamiltonian reads
H4×4(~k) =

Es ip1k+ ip1k− d+ ikzp2
−ip1k− λ+ θ a5k2− a6kzk−
−ip1k+ a5k2+ λ+ θ a6kzk+
d− ip2kz a6kzk+ a6kzk− λ− δ

The 8×8 model with SOC can be constructed as
H8×8(~k) = I
⊗
H4×4(~k) + Hso. Hso has the following
form in the basis order: |S↑〉, |P+↑〉, |P−↑〉, |Pz↑〉, |S↓〉,
|P+↓〉, |P−↓〉, |Pz↓〉.
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FIG. 7: (Color online) The band structure of (a) TlP and (b)
TlAs. (c) and (d) are the partially enlarged view of (a) and
(b), respectively.
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FIG. 8: (Color online) The band structure of Wannier tight-
binding model with effective SOC parameter as (a) λeff=-0.1
eV, (b) λeff=-0.05 eV, (c) λeff=-0.01 eV, (d) λeff=0.01 eV,
(e) λeff=0.05 eV and (f) λeff=0.1 eV.
Hso =
ξ
2

0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 −1 0 0 0 0 √2
0 0 0 0 0 −√2 0 0
0 0 0 0 0 0 0 0
0 0 −√2 0 0 −1 0 0
0 0 0 0 0 0 1 0
0
√
2 0 0 0 0 0 0

where Es = Es + s1k
2
z + s2k
2
+, λ = Ep + a1k
2
z +
a2k
2
+, θ = a3k
2
z + a4k
2
+. The parameters take val-
ues from fitting first-principles results as Es=-2.05842,
Ep=0.00015, δ=0.07903, s1=8.0, s2=3.0, a1=-2.0, a2=-
5.3344, a3=0.0, a4=0.1, a5=0.3, a6=0.2, p1=2.9698,
p2=6.3, ξ=-0.025. It is noticed that the effective SOC
parameter ξ is negative.
The atomic Tl-6s and N-2p states with SOC can be
written as the states with definite angular momentum
J and Jz, i. e., |SJ= 12 , Jz = ±
1
2 〉, |P 32 ,±
3
2 〉, |P 32 ,±
1
2 〉,
|P 1
2
,± 12 〉. In Wurtzite TlN, the valence band is mainly
contributed by |P 1
2
,± 12 〉, and inverted states is |S 12 ,±
1
2 〉.
Therefore, the inversion mechanism can be described by
the |P 1
2
,± 12 〉 and the |S 12 ,±
1
2 〉 states. We can construct
a low energy Hamiltonian around Γ point, by considering
only the minimal basis set of |S 1
2
, 12 〉, |P 12 ,
1
2 〉, |S 12 ,−
1
2 〉
and |P 1
2
,− 12 〉 states. We can directly get it by downfold-
ing the 8-band model into the subspace spanned by the
4 mimimal basis. The resulting HΓ(~k) reads,
HΓ(~k) = 0(~k) +

M(~k) iAkz Dk− −iAk−
−iAkz −M(~k) −iAk− Dk−
Dk+ iAk+ M(~k) iAkz
iAk+ Dk+ −iAkz −M(~k)

where k± = kx ± iky and M(~k) = M0 − M1k2z −
M2(k
2
x + k
2
y) with parameters M0, M1, M2 <0 to re-
produce band inversion. The parameter D is induced
to describe the breaking of inversion symmetry. In
such case, the energy dispersion is E(~k) = 0(~k) ±√
M(~k)2 +A2~k2 +D2k+k− + 2
√
D2(M2 +A2k2z)k+k−.
We can take the values as M0 = −0.1, M1 = −10,
M2 = −10, A = 0.5 and D = 0.1, to study the low
energy physics qualitatively.
